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Abstract
We theoretically propose an idea to realize a p-wave superfluid Fermi gas. To overcome the
experimental difficulty that a p-wave pairing interaction to form p-wave Cooper pairs damages the
system before the condensation growth, we first prepare a p-wave pair amplitude (Φp) in a spin-orbit
coupled s-wave superfluid Fermi gas, without any p-wave interaction. Then, by suddenly changing
the s-wave interaction with a p-wave one (Up) by using a Feshbach resonance, we reach the p-wave
superfluid phase with the p-wave order parameter being symbolically written as ∆p ∼ UpΦp. In
this letter, we assess this scenario within the framework of a time-dependent Bogoliubov-de Gennes
theory. Our results would contribute to the study toward the realization of unconventional pairing
states in an ultracold Fermi gas.
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In cold Fermi gas physics, one of the most difficult and exciting challenges is the achieve-
ment of a p-wave superfluid phase transition. Experimentally, one can now tune the
strength of a p-wave pairing interaction by adjusting the threshold energy of a Feshbach
resonance[1–7]. The formation of p-wave molecules by using this interaction has also been
reported[4, 8, 9]. In addition, strong-coupling theories have quantitatively predicted the
p-wave superfluid phase transition temperature Tc[10–14]. However, the realization of a
p-wave superfluid Fermi gas has not been reported yet.
This difficulty comes from the dilemma that, although a p-wave pairing interaction is
necessary to realize a p-wave Fermi gas superfluid, it also damages the system. That is, a p-
wave interaction causes dipolar relaxations[4], as well as three-body losses[15–17], leading to
very short lifetime of p-wave pairs (= 5 ∼ 20 ms)[18]. As a result, p-wave pairs are destroyed
before the p-wave condensate enough grows (= O(100 ms)). At the same time, the particle
loss from the system destroys the system itself. Since all the current experiments toward
the realization of a p-wave superfluid Fermi gas are facing these problems, a breakthrough
seems necessary.
The purpose of this letter is to propose a possible route to reach a p-wave superfluid
Fermi gas. To explain our idea, it is convenient to recall that a p-wave superfluid Fermi gas
is well characterized by the p-wave superfluid order parameter,
∆pσ,σ′(p) =
∑
p
′
Up(p, p
′)Φpσ,σ′(p
′), (1)
where Up(p, p
′) is a p-wave pairing interaction. Φpσ,σ′(p
′) = 〈cp,σc−p,σ′〉 is p-wave pair am-
plitude, where cp,σ is the annihilation operator of a Fermi atom with pseudospin σ =↑, ↓,
describing two atomic hyperfine states forming Cooper pairs. The current experiments
always start from a Fermi gas with a p-wave pairing interaction Up(p, p
′), and then cool
down the gas to explore the p-wave superfluid phase where the pairing interaction Up(p, p
′)
produces the pair amplitude Φpσ,σ′(p
′), leading to non-vanishing p-wave superfluid order pa-
rameter ∆pσ,σ′(p) in Eq. (1). This very reasonable approach is, however, hampered by the
above-mentioned problems associated with the same p-wave interaction.
The essence of our idea is, in a sense, to inverse this ordinary experimental procedure.
That is, as schematically shown in Fig. 1, when t < 0, we first prepare a Fermi gas with a non-
vanishing p-wave pair amplitude Φpσ,σ′(p) without a p-wave pairing interaction (Up(p, p
′) = 0).
Recently, it has been shown that such preparation is possible in a spin-orbit coupled s-wave
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superfluid Fermi gas[19, 20]. At this stage, since the p-wave interaction Up(p, p
′) vanishes,
one does not suffer from the above-mentioned serious difficulties. Once this first step is
accomplished, the p-wave superfluid order parameter is then immediately obtained, when
one suddenly changes the pairing interaction from the s-wave type to an appropriate p-wave
one (t ≥ 0 in Fig. 1). This manipulation is also possible in cold Fermi gases by adjusting
an external magnetic field from an s-wave Feshbach resonance to a p-wave one. Then,
by definition, the system is in the p-wave superfluid state with ∆pσ,σ′(p). Just after this
manipulation, this order parameter is constructed from the introduced p-wave interaction
Up(p, p
′) and the p-wave pair amplitude Φpσ,σ′(p) prepared in advance in the s-wave state.
Of course, the introduced p-wave interaction would start to damage the system as in the
ordinary approach. However, the advantage of our approach is that the system is in the
p-wave superfluid phase, at least just after the s-wave interaction is replaced by a p-wave
one.
We briefly note that the time evolution of a superfluid Fermi gas after the sudden change
of the interaction strength has recently been discussed[21–29]. In a sense, our idea is an
extension of this so-called quench dynamics, to the case when the pairing symmetry is also
suddenly changed.
In assessing our idea, a key is to clarify whether or not the p-wave pair amplitude
Φpσ,σ′(p) induced in the s-wave state can really produce the p-wave superfluid order parameter
∆pσ,σ′(p) after the interaction change. To see this, in this letter, we employ a time-dependent
Bogoliubov-de Gennes theory (TDBdG)[30, 31], to examine the time evolution of the p-wave
order parameter after a p-wave interaction is switched on. Although TDBdG cannot deal
with the energy relaxation of the system, as well as the particle loss, this approach is still
convenient to examine the early behavior of the p-wave superfluid after the p-wave interac-
tion is turned on. We briefly note that TDBdG has recently been applied to the quench
dynamics of a superfluid Fermi gas[21–29].
To prepare the p-wave pair amplitude, we employ a spin-orbit coupled (equilibrium)
s-wave superfluid Fermi gas[19, 20], described by the model Hamiltonian,
Hs =
∑
p,σ,σ′
[
ξpδσ,σ′ + λpzτ
σ,σ′
x
]
c†
p,σcp,σ′
− Us
∑
p,p′,q
c†
p+q/2,↑c
†
−p+q/2,↓c−p′+q/2,↓cp′+q/2,↑. (2)
In this letter, we take h¯ = 1 and the the system volume V is taken to be unity, for sim-
3
t0
Up?0Us?0, λ?0
Up??0 Us??0, λ??0
∆s
   ?0
∆p     (p)?0Φp    (p)?0σ,σ’ σ,σ’
∆s
 ? 0
s-wave superfluid state p-wave superfluid state
FIG. 1: (Color online) Schematic picture of our idea to realize a p-wave superfluid Fermi gas. When
t < 0, we prepare a p-wave pair amplitude Φpσ,σ′(p) in a spin-orbit coupled s-wave superfluid Fermi
gas (where Us and λ are an s-wave pairing interaction and a spin-orbit coupling, respectively). At
this stage, the p-wave superfluid order parameter ∆pσ,σ′(p) still vanishes, because of the vanishing
p-wave interaction, Up = 0. At t = 0, we suddenly replace the s-wave interaction by a p-wave
one (Us = 0 and Up 6= 0). The product of the p-wave interaction and the prepared p-wave pair
amplitude Φpσ,σ′(p) immediately gives non-vanishing p-wave order parameter ∆
p
σ,σ′(p). The s-wave
order parameter vanishes when t ≥ 0, because of Us = 0. As a result, the p-wave superfluid state
being characterized by ∆pσ,σ′ is realized.
plicity. In Eq. (2), ξp = εp − µ = p
2/(2m) − µ is the kinetic energy of a Fermi atom
described by the creation operator c†
p,σ, measured from the Fermi chemical potential µ.
−Us (< 0) is a contact-type s-wave pairing interaction, which is assumed to be tunable
by a Feshbach-resonance[32]. As usual in cold Fermi gas physics, we measure the s-wave
interaction strength in terms of the inverse s-wave scattering length (kFas)
−1, scaled by the
Fermi momentum kF. In this scale, (kFas)
−1 <∼ − 1 and (kFas)
−1 >∼ + 1 correspond to
the weak-coupling BCS (Bardeen-Cooper-Schrieffer) regime and the strong-coupling BEC
(Bose-Einstein condensation) regime, respectively. The region −1 <∼ (kFas)
−1 <∼ +1 is called
the BCS-BEC crossover region. Treating the BCS-BEC crossover physics at T = 0 within
the framework of the BCS-Leggett theory[33], we self-consistently determine the chemical
potential µ, as well as the s-wave superfluid order parameter ∆s = Us
∑
p
〈cp,↑c−p,↓〉, from
the coupled BCS gap equation,
1 = −
4pias
m
∑
p
[
1
2
∑
α=±
1
2Eα
p
−
1
2εp
]
, (3)
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FIG. 2: (Color online) (a) Calculated Fermi chemical potential µ in the BCS-BEC crossover regime
of a spin-orbit coupled s-wave superfluid Fermi gas at T = 0. When Us = 0, µ + mλ
2/2 means
the Fermi energy measured from the bottom of the energy band. The inset shows the s-wave
superfluid order parameter ∆s. We note that µ and ∆s are independent of the spin-orbit interaction
Hso = λpzτx[20]. (b) Nc ≡
∑
p
|Φtσ,σ(p)|
2. A finite value of this quantity means the induction of
the triplet pair amplitude Φtσ,σ(p) in the s-wave superfluid state. vF is the Fermi velocity and
εF ≡ mv
2
F/2.
with the equation for the number N of Fermi atoms,
N =
1
2
∑
p,α=±
[
1−
ξα
p
Eα
p
]
. (4)
Here, E±
p
=
√
(ξα
p
)2 +∆2s (where ξ
α
p
= ξp + αλ|pz|) describes Bogoliubov single-particle
excitations in the presence of the one-component spin-orbit interaction, Hso = λpzτ
σ,σ′
x
(where τx is the Pauli matrix). We briefly note that Hso has recently been realized in
6Li[34]
and 40K[35] Fermi gases, by using a synthetic gauge field technique.
As pointed out in Refs.[19, 20], the spin-orbit interaction Hso induces the spin-triplet pair
amplitudes in the s-wave superfluid state, given by
Φt↑,↑(p) = −Φ
t
↓,↓(p) = −
pz
|pz|
∑
α=±
α∆s
2Eα
p
. (5)
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In Fig. 2, we show the quantity Nc ≡
∑
p
|Φtσ,σ(p)|
2 in the BCS-BEC crossover region,
together with ∆s and µ (that are self-consistently determined from the coupled equations
(3) and (4)). The induced spin-triplet pair amplitude Φtσ,σ(p) has the pz-wave component
Φpzσ,σ(p) ∝ pz[20], which may also be expected from the prefactor of Eq. (5).
To connect the above BCS-Leggett scheme to the TDBdG formalism, it is useful to note
that the former result is also obtained as a steady-state solution of the TDBdG equation,
i
∂
∂t
u˜(t) = Hˆsu˜(t), (6)
where
Hˆs =


εp λpz 0 ∆˜s(t)
λpz εp −∆˜s(t) 0
0 −∆˜∗s(t) −εp λpz
∆˜∗s(t) 0 λpz −εp


. (7)
In Eq. (6), u˜(t) = (u˜α
p,↑(t), u˜
α
p,↓(t), v˜
α
p,↑(t), v˜
α
p,↓(t))
T consists of the coefficients of the Bogoli-
ubov transformation,
cp,σ(t) =
∑
α
[
u˜α
p,σ(t)γp,α + v˜
α∗
−p,σ(t)γ
†
−p,α
]
. (8)
Here, the normalization condition |u˜α
p,σ(t)|
2 + |v˜α
p,σ(t)|
2 = 1 is imposed. The Fermi oper-
ator γp,α describes Bogoliubov excitations. Substituting u˜
α
p,σ(t) = u
α
p,σe
−i(E+µ)t, v˜α
p,σ(t) =
vα
p,σe
−i(E−µ)t, and ∆˜s(t) = ∆se
−2iµt (where ∆s is assumed to be real) into Eq. (6), we obtain
the ordinary (time-independent) BdG equation as,


ξp λpz 0 ∆s
λpz ξp −∆s 0
0 −∆s −ξp λpz
∆s 0 λpz −ξp


u0 = Eu0, (9)
where u0 = (u
α
p,↑, u
α
p,↓, v
α
p,↑, v
α
p,↓)
T . The s-wave order parameter ∆s = −(Us/2)
∑
p,α u
α
p,↑v
α∗
p,↓
and the number equation N = (1/2)
∑
p,σ,α |v
α
p,σ|
2 in the BdG formalism reproduce Eqs. (3)
and (4), respectively. The eigen-energy equals E±
p
given below Eq. (4).
We now examine the time-evolution of the system, after the sudden change of the pairing
interaction from the s-wave type to a p-wave one (t ≥ 0). As a possible situation in an
6
ultracold Fermi gas, we consider the case when an external magnetic field is rapidly tuned
from an s-wave Feshbach resonance field (which gives Us in Eq. (2)) to a p-wave Feshbach
resonance field of the ↑-spin component, giving the p-wave pairing interaction,
Vp =
1
2
∑
p,p′,q
Up(p, p
′)c†
p+q/2,↑c
†
−p+q/2,↑c−p′+q/2,↑c−p′+q/2,↑, (10)
where Up(p, p
′) = −4pigp
∑
Lz=0,±1 F
∗
p
Fp′Y
∗
1,Lz(pˆ)Y1,Lz(pˆ
′)[10, 13], and Y1,Lz(pˆ) are spherical
harmonics, with pˆ = p/|p|. Fp = |p|p0/[|p|
2 + p20], where p0 is a cutoff momentum, which
we take p0 = 10kF in this letter[36, 37]. The coupling constant gp is related to the p-wave
scattering volume vp as,
4pivpp
2
0
m
= −
gp
1− gp
∑
p
F 2
p
/(2εp)
. (11)
Among the three p-wave Cooper channels (Lz = 0,±1), the (Lz = 0)-component only
produces a non-vanishing p-wave superfluid order parameter ∆p↑,↑(p) in the presence of triplet
pair amplitude Φt↑,↑(p) in Eq. (5). (Note that Y1,0 ∝ pz.) Thus, we only retain this
channel[12]. In addition, we turn off the spin-orbit coupling (λ = 0) when t ≥ 0, and also
assume the absence of any other residual interactions, for simplicity. The TDBdG equation
for t ≥ 0 is then given by Eq. (6), where Hˆs is replaced by
Hˆp =


εp 0 ∆
p
↑,↑(p, t) 0
0 εp 0 0
∆p∗↑,↑(p, t) 0 −εp 0
0 0 0 −εp


. (12)
The initial condition is given by u˜(0) = u0, where u0 is obtained from the BdG equation
(9) for the s-wave superfluid state. The p-wave superfluid order parameter ∆p↑,↑(p, t) =
F ∗pY
∗
1,0(pˆ)∆p(t) in Eq. (12) is calculated from
∆p(t) = −2pigp
∑
p
FpY1,0(pˆ)
∑
α=±
u˜α
p,↑(t)v˜
α∗
p,↑(t). (13)
At t = 0, the p-wave superfluid order parameter ∆p(t = 0) is evaluated by using u0 prepared
in the s-wave superfluid state. Since the ↑-spin component is completely disconnected from
the ↓-spin component when t ≥ 0, one may only deal with the ↑-spin component in the
TDBdG equation (6), when t ≥ 0.
Figure 3 shows the time evolution of the p-wave order parameter ∆p(t ≥ 0). In this
figure, the expected non-vanishing p-wave superfluid order parameter is found to really be
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FIG. 3: (Color online) Time evolution of the p-wave superfluid order parameter ∆p(t ≥ 0), after
the s-wave pairing interaction is suddenly replaced by the p-wave one Vp in Eq. (10). (a) A→D.
(b) B→E. (c) C→F. Here, (A, B, C) and (D, E, F) represent the s-wave interaction strengths and
the p-wave interaction strengths shown in Figs. 2 and 4, respectively. In each case, the filled circle
at t = 0 shows the initial value |∆p(t = 0)|. The values of λ are the spin-orbit coupling strengths
when t < 0. (Note that λ = 0 when t ≥ 0.) In panel (b), although |∆p(t)| looks increasing with
the time evolution when λ/vF = 0.1, it actually oscillates as shown in the inset.
obtained at t = 0 from the triplet pair amplitude Φt↑,↑(p) which has already been induced in
the s-wave superfluid state (solid circles in Fig. 3). When the interaction is tuned from the
s-wave weak-coupling BCS regime (“A” in Fig. 2, where µ +mλ2/2 ∼ εF) to the p-wave
weak-coupling regime (“D” in Fig. 4, where µ ∼ εF), Fig. 3(a) shows that, although ∆p(t)
initially increases with the time evolution, it decreases to vanish when λ/vF = 0.1. Thus,
our idea does not work in this case. On the other hand, ∆p(t) survives even at tεF = 160
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FIG. 4: (Color online) Calculated Fermi chemical potential µ in the p-wave BCS ground state with
the pairing interaction Vp in Eq. (10). The inset shows the p-wave superfluid order parameter
∆p. These are obtained within the framework of the BCS-Leggett theory. In the inset, the solid
squares are |∆p(tεF = 100)| in Fig. 3 when λ/vF = 0.5.
for λ/vF = 0.5, 1. When we use the typical value εF = 1 µK in an ultracold Fermi gas, one
finds that tεF ∼ 10
−2 ms. Thus, these two cases can be used to produce a p-wave superfluid
Fermi gas within the short lifetime of p-wave pairs (= 5 ∼ 20 ms[18]).
Figures 3(b) and (c), respectively, show the cases when the interaction is tuned from the
s-wave intermediate-coupling regime (“B” in Fig. 2, where (kFas)
−1 = 0) to the p-wave
intermediate-coupling regime (“E” in Fig. 4, where µ ∼ 0), and the s-wave strong-coupling
BEC regime (“C” in Fig. 2, where µ +mλ2/2 < 0) to the p-wave strong-coupling regime
(“F” in Fig. 4, where µ < 0). These results confirm the validity of our idea, that is, apart
from the oscillating behaviors seen in panel (b), ∆p(t) approaches a nearly constant value
within shorter time scale than the lifetime of p-wave pairs.
We note that, although non-vanishing ∆p(t) is obtained, it is smaller than that expected
in the p-wave BCS ground state (see the inset in Fig. 4). This is because TDBdG ignores the
relaxation of the system into the ground state. Indeed, as shown in Fig. 5, the momentum
distribution np,↑(t) = (1/2)
∑
α |v˜
α
p,↑(t)|
2 is different from that in the p-wave BCS ground
state, even at tεF = 100. Instead, np,↑(tεF = 100) is rather close to the initial distribution
np,↑(t = 0), which is just the momentum distribution in the s-wave superfluid state when
t < 0.
To summarize, we have discussed a possible idea to realize a p-wave superfluid Fermi gas.
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FIG. 5: (Color online) Calculated momentum distribution np,↑(t) = (1/2)
∑
α |v˜
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2 in the case
of Fig. 3(b) when λ/vF = 0.5. n˜p,↑ is the momentum distribution in the p-wave BCS ground state.
To overcome the difficulty that a p-wave pairing interaction damages the system before the
enough growth of p-wave condensate, our idea first prepares a p-wave pair amplitude in a
spin-orbit coupled s-wave superfluid Fermi gas, without relying on any p-wave interactions.
Then, by suddenly change the pairing interaction from the s-wave type to an appropriate
p-wave one, we can immediately reach the p-wave superfluid phase, at least just after this
manipulation. In this letter, we numerically assessed this scenario within the analyses by a
time-dependent Bogoliubov-de Gennes equation (TDBdG) at T = 0.
Since TDBdG cannot treat the energy relaxation of the system into the ground state, the
p-wave superfluid phase obtained in this letter is different from the equilibrium BCS ground
state. Although it is an interesting future problem to include this relaxation effect, since
the magnitude of the p-wave superfluid order parameter obtained in this letter is smaller
than the equilibrium mean-field BCS value (see the inset in Fig. 4), this effect is expected
to enhance ∆p(t) compared to the present result.
Including the lifetime of p-wave pairs is also another crucial future challenge, in order
to assess our proposal quantitatively. However, at least qualitatively, TDBdG analyses
confirmed the possibility that one may produce p-wave superfluid order parameter without
suffering from the serious lifetime effect that all the current experiments are facing, our
results would be still important for the research toward the realization of unconventional
pairing states in an ultracold Fermi gas.
In this letter, we have focused on the assessment of our idea, so that we did not discuss
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detailed physical properties of the p-wave state at t ≥ 0, such as the oscillation of ∆p(t) seen
in Fig. 3, as well as the dip structure of np,↑(tεF = 100) seen in Fig. 5. Since our idea does
not always work as shown in Fig. 3(a), we should also clarify the condition for this idea.
We will discuss these issues in our future papers.
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